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ALGEBRO-GEOMETRIC SOLUTION
OF THE DISCRETE KP EQUATION OVER A FINITE FIELD
OUT OF A HYPERELLIPTIC CURVE
MARIUSZ BIAECKI AND ADAM DOLIWA
Abstrat. We transfer the algebro-geometri method of onstrution of solutions
of the disrete KP equation to the nite eld ase. We emphasize role of the Jaobian
of the underlying algebrai urve in onstrution of the solutions. We illustrate in
detail the proedure on example of a hyperellipti urve.
1. Introdution
Cellular automata are dynamial systems on a lattie with values being disrete
(usually nite) as well. They are one of the more popular and distintive lasses of
models of omplex systems. Introdued in various ontexts [28, 23℄ around 1950 they
have found wide appliations in dierent areas, from physis through hemistry and
biology to soial sienes [29℄.
One of the most interesting properties of ellular automata is that omplex patterns
an emerge from very simple uptade rules. However, usually one annot easily predit
how a given ellular automaton will behave without going through a number of time
steps on a omputer. Due to their ompletely disrete nature, ellular automata are
naturally suitable for omputer simulations, but also here it would be instrutive to
have examples of rules with large lasses of analytial solutions, integrals of motions
and other "integrable features".
The problem of onstrution of integrable ellular automata is not new and was
undertaken in a number of papers (see, for example, [8, 4, 5, 26℄). In partiular
in [27, 18℄ it was given a systemati method, alled ultra-disretization, of obtainig
ellular automaton version of a given disrete integrable system.
Reently a new approah to integrable ellular automata was proposed in [7℄. Its
main idea is to keep the form of a given integrable disrete system but to transfer the
algebro-geometri method of onstrution of its solutions [14, 1℄ from the omplex eld
C to a nite eld. This method, whih in priniple an be applied to any integrable
disrete system with known algebro-geometri method of solution, has been applied to
the fully disrete 2D Toda system (the Hirota equation) and in [3℄ to disrete KP and
KdV equations (in Hirota form). In partiular, the nite eld valued multisoliton
solutions of these equations have been onstruted. We remark that the algebrai
geometry over nite elds, although oneptually similar to that over the eld of
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omplex numbers [10℄, has its own tools and peuliarities [6, 21℄. It is also nowadays
very important in pratial use in modern approahes to publi key ryptography [13℄
and in the theory of error orreting odes [25℄.
The aim of this paper is to study in the nite eld ontext the very distinguished
example of integrable system  the disrete KP equation. We present the algebro-
geometri sheme of onstrution of its solutions in a nite eld and we demonstrate
its linearization on the level of the abstrat Jaobi variety of the orresponding al-
gebrai urve. We illustrate details of the onstrution on example of a hyperellipti
urve.
We remark that in [4℄ it was observed that the Lax representation of the disrete
sine-Gordon equation of Hirota [11℄ has a meaning also when the eld of omplex
numbers is replaed by a nite eld of the form Fp2, where p is a prime number. The
authors of [4℄ showed also that, in priniple, the orresponding integrals of motion
an be alulated. Finally, we note that possibility of onsidering the soliton theory
in positive harateristi has been antiipated in [22℄.
The organization of the paper is as follows. In Setion 2 we rst summarize the nite
eld version of Krihever's onstrution of solutions of the disrete KP equation, then
we present its abstrat Jaobian piture. In Setion 3 we apply the method starting
from an algebrai urve of genus two.
2. The finite field solution of the disrete KP equation out of
nonsingular algebrai urves
We rst briey reall algebro-geometri onstrution of solutions of the disrete KP
equation over nite elds [7, 3℄. We disuss in addition a possible degeneray of the
linear problem and its onsequenes. Then we present the Jaobian piture of the
onstrution, in whih the integrable nature of the equation is evident. We point out
some aspets of the representation whih will help us to onstrut eetively solutions
of the equation.
2.1. General onstrution. Consider an algebrai projetive urve C/K (or simply
C), absolutely irreduible, nonsingular, of genus g, dened over the nite eld K = Fq
with q elements, where q is a power of a prime integer p (see, for example [25, 10℄). By
C(K) we denote the set of K-rational points of the urve. By K denote the algebrai
losure of K, i.e., K =
⋃
∞
ℓ=1 Fqℓ , and by C(K) denote the orresponding innite set
(often identied with C) of K-rational points of the urve. The ation of the Galois
group G(K/K) (of automorphisms of K whih are identity on K, see [17℄) extends
naturally to ation on C(K).
Let us hoose:
1. four points Ai ∈ C(K), i = 0, 1, 2, 3,
2. eetive K-rational divisor of order g, i.e., g points Bγ ∈ C(K), γ = 1, . . . , g, whih
satisfy the following K-rationality ondition
∀σ ∈ G(K/K), σ(Bγ) = Bγ′ .
As a rule we assume here that all the points used in the onstrution are distint and
in general position. In partiular, the divisor
∑g
γ=1Bγ is non-speial.
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Denition 1. Fix K-rational loal parameter t0 at A0. For any integers n1, n2, n3 ∈
Z dene the funtion ψ(n1, n2, n3) as a rational funtion on the urve C with the
following properties:
1. it has pole of the order at most n1 + n2 + n3 at A0,
2. the rst nontrivial oeient of its expansion in t0 at A0 is normalized to one,
3. it has zeros of order at least ni at Ai for i = 1, 2, 3,
4. it has at most simple poles at points Bγ , γ = 1, . . . , g.
As usual, zero (pole) of a negative order means pole (zero) of the orresponding
positive order. Correspondingly one should exhange the expressions "at most" and
"at least" in front of the orders of poles and zeros. By the standard (see e.g., [1℄)
appliation of the RiemannRoh theorem (and the general position assumption)
we onlude that the wave funtion ψ(n1, n2, n3) exists and is unique. The funtion
ψ(n1, n2, n3) isK-rational, whih follows fromK-rationality onditions of sets of points
in their denition.
Remark. In what follows we will often normalize funtions in a sense of point 2 of
Denition 1.
Fix K-rational loal parameters ti at Ai, i = 1, 2, 3. In the generi ase, whih we
assume in the sequel, when the order of the pole of ψ(n1, n2, n3) at A0 is n1+n2+n3
denote by ζ
(i)
k (n1, n2, n3), i = 0, 1, 2, 3, the K-rational oeients of expansion of
ψ(n1, n2, n3) at Ai, respetively, i.e.,
ψ(n1, n2, n3) =
1
t
(n1+n2+n3)
0
(
1 +
∞∑
k=1
ζ
(0)
k (n1, n2, n3)t
k
0
)
,
ψ(n1, n2, n3) = t
ni
i
∞∑
k=0
ζ
(i)
k (n1, n2, n3)t
k
i , i = 1, 2, 3.
Denote by Ti the operator of translation in the variable ni, i = 1, 2, 3, for example
T1ψ(n1, n2, n3) = ψ(n1 + 1, n2, n3). Uniqueness of the wave funtion implies the
following statement.
Proposition 1. Generially, the funtion ψ satises equations
(1) Tiψ − Tjψ +
Tjζ
(i)
0
ζ
(i)
0
ψ = 0, i 6= j, i, j = 1, 2, 3.
Remark. When the generiity assumption fails then the linear problem (1) degener-
ates, i.e., some of its terms are absent.
Notie that equation (1) gives
(2)
Tjζ
(i)
0
ζ
(i)
0
= −
Tiζ
(j)
0
ζ
(j)
0
, i 6= j, i, j = 1, 2, 3.
Dene
(3) ρi = (−1)
∑
j<i njζ
(i)
0 , i = 1, 2, 3,
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then equation (2) implies existene of a K-valued potential (the τ -funtion) dened
(up to a multipliative onstant) by formulas
(4)
Tiτ
τ
= ρi, i = 1, 2, 3.
Finally, equations (1) give rise to ondition
(5)
T2ρ1
ρ1
−
T3ρ1
ρ1
+
T3ρ2
ρ2
= 0,
whih written in terms of the τ -funtion gives the disrete KP equation [12℄ alled
also the Hirota equation
(6) (T1τ) (T2T3τ)− (T2τ) (T3T1τ) + (T3τ) (T1T2τ) = 0.
Corollary 2. Equation (5) an be obtained also from expansion of equation (1) at
Ak, where k = 1, 2, 3, k 6= i, j.
Remark. Absene of a term in the linear problem (1) (see the remark after Proposition
1) reets, due to Corollary 2, in absene of the orresponding term in equation (6).
This implies that in the non-generi ase, when we have not dened the τ -funtion
yet, we are fored to put it to zero. Let us notie in advane (see the next setion) that
it is in omplete analogy with the well known (omplex eld) interpretation of the
algebro-geometri solution τ of the disrete KP equation as, essentially, the Riemann
theta funtion.
2.2. The Jaobian interpretation. Denote by Div(C) the abelian group of the
divisors on the urve C and by Pic0(C) the group of eqivalene lasses of degree zero
divisors Div0(C) modulo the prinipal divisors. There exists [16, 20℄ an abelian variety
J(C) of dimension g (the Jaobian of the urve) and an injetive map φ : C → J(C)
(the Abel map) suh that the extension of φ to Div(C) establishes an isomorphism
between Pic0(C) and J(C). Moreover, if there exists a K-rational point A ∈ C(K) of
the urve, then φ an be dened by
C ∋ P 7→ φ(P ) = [P − A] ∈ J(C),
where [P − A] designates the lass of the degree zero divisor P −A in Pic0(C).
Denote by Dr(C) the eetive divisors of degree r of the urve C and by φr the
extension of φ to Dr(C)
Dr(C) ∋ D 7→ φr(D) = [D − r · A] ∈ J(C).
The diret image of φr is a subvariety Wr of dimension r if 0 ≤ r ≤ g, and of
dimension g if r > g. In partiular, Wg−1 denes a divisor in J(C).
The group Pic0(C;K) of eqivalene lasses ofK-rational degree zero divisorsDiv0(C;K)
modulo the prinipal K-rational divisors an be identied with the abelian group
J(C;K) of K-rational points of the Jaobian variety. For nite eld K the group
Pic0(C;K) is nite as well and its order an be found using properties of the zeta
funtion of the urve (see, for example [25℄).
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Let us present in this piture the desription of the wave funtion ψ and of the τ -
funtion. We hoose the point A0 as the referene point A and onsider the following
divisor D(n1, n2, n3) ∈ Div
0(C;K) of degree zero
D(n1, n2, n3) = n1(A0 −A1) + n2(A0 − A2) + n3(A0 −A3) +
g∑
γ=1
Bγ − g · A0,
with linear dependene on n1, n2 and n3. Its equivalene lass in Pic
0(C;K) has the
unique K-rational representant of the form
X(n1, n2, n3) =
g∑
γ=1
Xγ(n1, n2, n3)− g ·A0.
This equivalene is given by a funtion whose divisor reads
(7) n1(A1 − A0) + n2(A2 − A0) + n3(A3 − A0) +
g∑
γ=1
Xγ(n1, n2, n3)−
g∑
γ=1
Bγ ∼ 0.
If we normalize suh a funtion at A0 aording to Denition 1 it beomes the
wave funtion ψ. Notie that some of Xγ ould be A0 whih would mean that
[D(n1, n2, n3)] ∈Wg−1. This orrespondene gives rise to a set of important fats.
Corollary 3. Evolutions in variables n1, n2 and n3 dene linear ows in the Jaobian.
Corollary 4. Points Xγ, γ = 1, ..., g indiate zeros of the wave funtion whih are
not speied in the previous onstrution.
Corollary 5. If [D(n1, n2, n3)] ∈ Wg−1 then the pole of the wave funtion at A0
has the order less then (n1 + n2 + n3), i.e., we are in the non-generi ase, thus
τ(n1, n2, n3) = 0.
Remark. Notie that beause [D(0, 0, 0)] 6∈Wg−1 then τ(0, 0, 0) 6= 0.
Remark. If K = C then the algebrai urve C is the ompat Riemann surfae, the-
orems of Abel and Jaobi identify the Jaobian with quotient of Cg by the period
lattie, and a theorem of Riemann identies Wg−1 with a ertain translate of the zero
lous of the Riemann theta funtion (see [9℄). Then, as we mentioned in remark after
Corollary 2, the algebro-geometri solution τ of the disrete KP equation beomes,
with appropriate understanding of its argument via the divisor D(n1, n2, n3) and up
to a not essential and non-vanishing multiplier, the Riemann theta funtion (see,
e.g. [15℄). In partiular, in suh an interpretation the zeros of τ are loated in points
of the translate Wg−1 of the Theta divisor.
Let us disuss periodiity of solutions of the nite eld version of the KP equation
obtained using the above method. Denote by Πi, i = 1, 2, 3, the ranks of yli
subgroups of J(C;K) generated by divisors Ai − A0, then for arbitrary ki ∈ Z, i =
1, 2, 3,
D(n1 + k1Π1, n2 + k2Π2, n3 + k3Π3) ∼ D(n1, n2, n3).
In partiular, τ(n1, n2, n3) = 0 implies τ(n1 + k1Π1, n2 + k2Π2, n3 + k3Π3) = 0.
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There exist unique (normalized at A0) funtions hi, i = 1, 2, 3, with zeros of order
Πi at Ai, poles of order Πi at A0 and no other singularities and zeros suh that
(8) ψ(n1 + k1Π1, n2 + k2Π2, n3 + k3Π3) = h
k1
1 h
k2
2 h
k3
3 ψ(n1, n2, n3).
Remark. Generalizing above onsiderations, if for ℓi ∈ Z, i = 1, 2, 3,
3∑
i=1
ℓi(Ai − A0) ∼ 0,
then (ℓ1, ℓ2, ℓ3) is the period vetor of zeros of the τ -funtion and vetor of quasi-
periodiity (in the above sense) of the wave funtion.
Equation (8) implies quasi-periodiity of the funtions ζ
(i)
0 , i = 1, 2, 3,
ζ
(i)
0 (n1 + k1Π1, n2 + k2Π2, n3 + k3Π3) = c
k1
(i)1c
k2
(i)2c
k3
(i)3 ζ
(i)
0 (n1, n2, n3),
with the (non-zero) fators c(i)j ∈ K∗ equal to
c(i)j =
(
hj
t
δijΠj
j
)∣∣∣
P=Ai
.
The multipliative group K∗ is a yli group of order q − 1, therefore the funtions
ζ
(i)
0 are periodi. Their periods in variable nj are equal to Πj times the order of the
subgroup of K∗ generated by c(i)j (a divisor of q− 1). Due to possible hange of sign
(see equation (3)) the periods of ρi an be eventually doubled with respet to the
orresponding periods of ζ
(i)
0 . Again, periodiity of ρi implies quasi-periodiity of τ
with a fator from K∗, thus the period of τ in variable ni an be maximally q − 1
times the period of ρi in that variable.
3. A "hyperellipti" solution of the disrete KP equation
Our goal here is to demonstrate how does the method desribed above work. We
perform all steps of the onstrution (see also [2℄ for details) starting from a given
algebrai urve, whih we have hosen to be a hyperellipti urve, due to relatively
simple desription of Jaobians of suh urves [19℄. We onsider a hyperellipti urve
of genus g = 2 but the tehnial tools used here an be applied diretly to hyperellipti
urves of arbitrary genus.
3.1. A hyperellipti urve and its Jaobian. Consider a hyperellipti urve C of
genus g = 2 dened over the eld F7 and given by the equation
(9) C : v2 + uv = u5 + 5u4 + 6u2 + u+ 3.
The (u, v) oordinates of its F7-rational points are presented in Table 1. The urve
has one point at innity, denoted by ∞, whose preimage on the nonsingular model of
C onsists of one point only [24℄, and where the loal uniformizing parameter an be
hosen as u2/v (u is a polynomial funtion of order 2, and v is a polynomial funtion
of order 5). The point opposite (with respet to the hyperellipti authomorphism) to
P is denoted by P˜ . The only two speial point of the urve are (6, 4) and the innity
point ∞.
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i Pi P˜i
0 ∞ P0
1 (1, 1) (1, 5)
2 (2, 2) (2, 3)
3 (5, 3) (5, 6)
4 (6, 4) P4
Table 1. F7-rational points of the urve C.
i Pi P˜i P
σ
i P˜
σ
i
5 (0, 21) (0, 28) P˜5 P5
6 (3, 9) (3, 44) P˜6 P6
7 (4, 26) (4, 33) P˜7 P7
8 (7, 5) (7, 44) (42, 5) (42, 9)
9 (8, 22) (8, 26) (43, 29) (43, 33)
10 (11, 5) (11, 47) (46, 5) (46, 12)
11 (12, 6) (12, 45) (47, 6) (47, 10)
12 (13, 14) (13, 29) (48, 35) (48, 22)
13 (14, 8) (14, 34) (35, 43) (35, 27)
14 (15, 13) (15, 28) (36, 48) (36, 21)
15 (16, 17) (16, 23) (37, 38) (37, 30)
16 (17, 0) (17, 39) (38, 0) (38, 18)
17 (18, 4) (18, 41) (39, 4) (39, 20)
18 (19, 9) (19, 28) (40, 44) (40, 21)
19 (20, 12) (20, 31) (41, 47) (41, 24)
20 (22, 4) (22, 30) (29, 4) (29, 23)
21 (25, 6) (25, 32) (32, 6) (32, 25)
22 (27, 7) (27, 22) (34, 42) (34, 29)
Table 2. F49-rational points of the urve C (whih are not F7-rational);
here P˜ is the opposite of P , and P σ denotes its onjugate with respet
to the lift of the Frobenius automorphism.
We identify the eld F49 as the extension of F7 by the polynomial x
2 + 2, i.e.,
F49 = F7[x]/(x
2 + 2). Let us introdue the following notation: the element k ∈ F49
represented by the polynomial βx+α is denoted by the natural number 7β +α. The
Galois group G(F49/F7) = {id, σ}, where σ is the Frobenius automorphism, ats on
elements of F49 \ F7 in the following way:
F49 \ F7 ∋ k = 7β + α 7→ σ(k) = 7(7− β) + α.
The oordinates of F49-rational points of the urve (whih are not F7-rational) are
presented in Table 2.
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In the next step we nd the group of the F7-rational points J(C;F7) of the Jaobian
of the urve. The number of its points an be found from the number of F7-rational
and F49-rational points of the urve by appliation of properties of the zeta funtion
of the urve C (see for instane [25, 13℄). In our ase the urve has 8 F7-rational points
and 74 F49-rational points whih implies the following form of the zeta funtion ζ(C;T )
ζ(C;T ) =
P (T )
(1− T )(1− 7T )
, P (T ) = 1 + 12T 2 + 49T 4.
The number #J(C;F7) of the F7-rational points points of the Jaobian is equal to
P (1) = 62, and therefore J(C;F7) is the diret sum of yli groups of orders 31 and
2.
Let us hoose the innity point∞ as the basepoint. The group law in the Jaobian
of a hyperellipti urve an be intuitively desribed in a way whih is a higher-genus
analog of the well known addition operation for points of ellipti urves. We present
here only its sketh for genus g = 2 and in the generi ase of addition of two points
of J(C) with representants of the form
Ei = Qi +Ri − 2∞, i = 1, 2,
with all points distint. If E3 = Q3 +R3 − 2∞ is the representant of [E1 + E2], i.e.,
E1 + E2 = (g) + E3,
then
(10) E1 + E2 + E˜3 ∼ 0,
where we have used the fat that for any point P ∈ C(K) of a hyperellipti urve
the divisor P + P˜ − 2∞ is prinipal. Therefore, there exists a normalized polynomial
funtion f of the order six, thus neessarily of the form
f = a+ bu+ cu2 + du3 + ev,
with divisor given by the left hand side of equation (10). Its zeros at Qi and Ri,
i = 1, 2, and the normalization ondition allow to x the oeients and then to nd
two other zeros Q˜3 and R˜3.
Geometrially, we are looking for two other intersetion points of the ubi interpo-
lating known four points with the hyperellipti urve. In ases when some points of
E1 +E2 are repeated, the interpolation step must be adjusted to ensure tangeny to
the urve with suient multipliity. When divisors have less points then we onsider
the interpolating urve of lower degree (some intersetion points are at innity). Fi-
nally, the transition funtion g is the unique normalized funtion with the nominator
equal to f and the denominator being the normalized polynomial funtion with the
divisor E3 + E˜3.
The full desription of the group J(C;F7) is given in Table 3. The divisor D1 =
P1−∞ generates the subgroup of order 31 and the divisor D4 = P4−∞ generates the
subgroup of order 2. We present the redued representants [nD1+mD4]r of elements
[nD1+mD4] of J(C;F7), where n ∈ {0, 1, . . . , 30} and m ∈ {0, 1}. Moreover we write
down the transition funtions gm(n) dened by the following divisor equation
(11) [nD1 +mD4]r +D1 = (gm(n)) + [(n+ 1)D1 +mD4]r.
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Also the transition funtions for the sums [nD1 +mD4]r + D4 an be read o from
Table 3. In partiular, to nd suh a transition funtion (we all it W (0, 1)) with
n = 29 and m = 0, i.e.,
(12) (1, 5) + (1, 5) +D4 − 2∞ = (W (0, 1)) + (12, 6) + (47, 6)− 2∞,
we make use of the fat that the analogous transition funtion for n = 30 and m = 0
is 1. Then
(13) W (0, 1) = g0(29) · 1 · [g1(29)]
−1 =
2 + 3u+ 4u2 + v
6 + 4u+ u2
,
where in the last equality we have used equation (9) of the urve to get rid of v from
the denominator.
3.2. Constrution of the wave and τ funtions. In order to nd a solution of
the disrete KP equation let us x the following points of the urve C,
A0 =∞, A1 = (1, 1), A2 = (2, 2), A3 = (5, 3),
with the uniformizing parameters
t0 = u
2/v, t1 = u− 1, t2 = u− 2, t3 = u− 5,
and
B1 = (12, 6), B2 = (47, 6).
Beause
A0 −A1 ∼ 30D1, A0 −A2 ∼ 21D1 +D4, A0 − A3 ∼ 17D1 +D4,
B1 +B2 − 2A0 ∼ 29D1 +D4,
then the pointsX1(n1, n2, n3) andX2(n1, n2, n3) where the wave funtion ψ(n1, n2, n3)
has additional zeros an be found from Table 3 and from equation
(14) X1(n1, n2, n3) +X2(n1, n2, n3)− 2∞ = [nD1 +mD4]r,
where n ∈ {0, 1, . . . , 30} and m ∈ {0, 1} are given by
n = 29 + 30n1 + 21n2 + 17n3) mod 31,(15)
m = 1 + n2 + n3 mod 2.(16)
Remark. Notie that the innity point ∞ is the Weierstrass point of the urve C,
whih violates the assumption of general position of points used in the onstrution
of solutions of the disrete KP equation. This will not hange the Jaobian piture of
the onstrution but in some situations, whih we will point out, will aet uniqueness
of the wave funtion. We remark that suh a hoie is indispensable in redution of
the method from the disrete KP equation to the disrete KdV equation (see, for
example [15, 3℄).
To nd eetively the wave funtion we will onstraint the range of parameters
from Z3 to the parameters of the group of F7-rational points of the Jaobian. Let us
introdue funtions h1 and h4 orresponding to generators of the two yli subgroups
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n [nD1]r g0(n) [nD1 +D4]r g1(n)
0 0 1 (6, 4)− ∞ 1
1 (1, 1)− ∞ 1 (1, 1) + (6, 4)− 2∞ 5+5u+3u
2+v
6+4u+u2
2 (1, 1) + (1, 1)− 2∞ u+5u
2+v
(2+u)2
(12, 45) + (47, 10)− 2∞ 1+5u
2+v
2+5u+u2
3 (5, 6) + (5, 6)− 2∞ 1+u+4u
2+v
(2+u)(5+u)
(15, 28) + (36, 21)− 2∞ 6u
2+v
2+u2
4 (2, 3) + (5, 3)− 2∞ 2+4u
2+v
5+4u+u2
(7, 44) + (42, 9)− 2∞ 5+u+v
4+6u+u2
5 (19, 9) + (40, 44)− 2∞ 4u+2u
2+v
5+5u+u2
(11, 5) + (46, 5)− 2∞ 6+6u+u
2+v
3+6u+u2
6 (22, 4) + (29, 4)− 2∞ 5+2u+6u
2+v
(2+u)(5+u)
(18, 41) + (39, 20)− 2∞ 5+3u+5u
2+v
5+3u+u2
7 (2, 3) + (5, 6)− 2∞ 5+6u+2u
2+v
5+2u+u2
(16, 17) + (37, 38)− 2∞ 5+4u+4u
2+v
3+u+u2
8 (27, 22) + (34, 29)− 2∞ 1+3u+2u
2+v
1+u2
(17, 39) + (38, 18)− 2∞ 3+2u+u
2+v
(5+u)(6+u)
9 (14, 34) + (35, 27)− 2∞ 1+5u+v
(1+u)(5+u)
(1, 5) + (2, 2)− 2∞ 6 + u
10 (2, 2) + (6, 4)− 2∞ 3+5u+5u
2+v
(5+u)2
(2, 2)− ∞ 1
11 (2, 3) + (2, 3)− 2∞ 6+u+6u
2+v
3+2u+u2
(1, 1) + (2, 2)− 2∞ 4+2u
2+v
3+5u+u2
12 (13, 14) + (48, 35)− 2∞ 3+6u+4u
2+v
2+2u+u2
(8, 22) + (43, 29)− 2∞ 2+4u+v
(2+u)(6+u)
13 (20, 12) + (41, 47)− 2∞ 5u+u
2+v
(1+u)(2+u)
(1, 5) + (5, 3)− 2∞ 6 + u
14 (5, 3) + (6, 4)− 2∞ 6+5u+2u
2+v
6+6u+u2
(5, 3)− ∞ 1
15 (25, 32) + (32, 25)− 2∞ 5+u
2+v
6+6u+u2
(1, 1) + (5, 3)− 2∞ u+5u
2+v
(2+u)(6+u)
16 (25, 6) + (32, 6)− 2∞ 6+5u+2u
2+v
(1+u)(2+u)
(1, 5) + (5, 6)− 2∞ 6 + u
17 (5, 6) + (6, 4)− 2∞ 5u+u
2+v
2+2u+u2
(5, 6)− ∞ 1
18 (20, 31) + (41, 24)− 2∞ 3+6u+4u
2+v
3+2u+u2
(1, 1) + (5, 6)− 2∞ 2+4u+v
3+5u+u2
19 (13, 29) + (48, 22)− 2∞ 6+u+6u
2+v
(5+u)2
(8, 26) + (43, 33)− 2∞ 4+2u
2+v
(5+u)(6+u)
20 (2, 2) + (2, 2)− 2∞ 3+5u+5u
2+v
(1+u)(5+u)
(1, 5) + (2, 3)− 2∞ 6 + u
21 (2, 3) + (6, 4)− 2∞ 1+5u+v
1+u2
(2, 3)− ∞ 1
22 (14, 8) + (35, 43)− 2∞ 1+3u+2u
2+v
5+2u+u2
(1, 1) + (2, 3)− 2∞ 3+2u+u
2+v
3+u+u2
23 (27, 7) + (34, 42)− 2∞ 5+6u+2u
2+v
(2+u)(5+u)
(17, 0) + (38, 0)− 2∞ 5+4u+4u
2+v
5+3u+u2
24 (2, 2) + (5, 3)− 2∞ 5+2u+6u
2+v
5+5u+u2
(16, 23) + (37, 30)− 2∞ 5+3u+5u
2+v
3+6u+u2
25 (22, 30) + (29, 23)− 2∞ 4u+2u
2+v
5+4u+u2
(18, 4) + (39, 4)− 2∞ 6+6u+u
2+v
4+6u+u2
26 (19, 28) + (40, 21)− 2∞ 2+4u
2+v
(2+u)(5+u)
(11, 47) + (46, 12)− 2∞ 5+u+v
2+u2
27 (2, 2) + (5, 6)− 2∞ 1+u+4u
2+v
(2+u)2
(7, 5) + (42, 5)− 2∞ 6u
2+v
2+5u+u2
28 (5, 3) + (5, 3)− 2∞ u+5u
2+v
(6+u)2
(15, 13) + (36, 48)− 2∞ 1+5u
2+v
6+4u+u2
29 (1, 5) + (1, 5)− 2∞ (6 + u) (12, 6) + (47, 6)− 2∞ 5+5u+3u
2+v
(1+u)(6+u)
30 (1, 5)− ∞ (6 + u) (1, 5) + (6, 4)− 2∞ 6 + u
Table 3. The group J(C;F7) of F7-rational points of the Jaobian as
the simple sum of its yli subgroups.
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of J(C;F7). The funtion h1 with the divisor 31D1 and normalized at the innity point
is equal to the produt
∏30
i=0 g0(i) and reads
h1 = 1 + 2u+ u
2 + 4u3 + 3u5 + u6 + 3u7 + u8 + 4u9+
4u10 + 2u11 + 5u12 + 2u13 + 4u14 + 3u15 +
(
5u+ 2u2+
5u3 + 4u5 + 6u6 + 4u7 + 3u9 + 5u10 + 5u11 + 4u12 + u13
)
v,
where we also used equation of the urve (9) to redue higher order terms in v. The
normalized funtion h4 with the divisor 2D4 is
h4 = u− 6.
Let us introdue other auxiliary funtions f2 and f3 to fatorize the zeros of the wave
funtion at A2 and A3. Notie that
A2 + 21D1 +D4 −∞ ∼ 0,
whih implies that there exists a polynomial funtion on C with simple zero at A2 and
other zeros in the distinguished (by our hoie of desription of J(C;F7)) points (1, 1)
and (6, 4). Dene f2 as the unique suh funtion normalized at the innity point ∞,
then
f2 = 1 + 5u+ u
2 + 4u4 + 6u5 + 4u6 + 4u7 + 3u8 + 4u9+
6u11 +
(
6 + 4u+ 2u2 + 5u3 + 6u4 + 6u6 + u7 + u8 + u9
)
v.
Similarly we dene the normalized funtion
f3 = 1 + 6u+ 2u
2 + 6u5 + u6 + 5u7 + 5u8 + 4u9 +
(
4 + 3u+ 5u2 + 4u5 + 2u6 + u7
)
v,
with the divisor A3 + 17D1 +D4 −∞.
Uniqueness of the wave funtion ψ implies that it an be deomposed as follows
(17) ψ(n1, n2, n3) =
fn22 f
n3
3
hp1h
q
4
W (m1, m2),
where W (m1, m2) is the unique normalized funtion with the divisor
(18) m1D1 +m2D4 + Y1(m1, m2) + Y2(m1, m2)− (12, 6)− (47, 6),
where
(19) Y1(m1, m2) + Y2(m1, m2) = X1(n1, n2, n3) +X2(n1, n2, n3),
and the new variables m1 i m2 are given by
21n2 + 17n3 − n1 = 31p−m1, m1 ∈ {0, 1, . . . , 30},(20)
n2 + n3 = 2q −m2, m2 ∈ {0, 1}.(21)
To nd the funtions W (m1, m2) for all m1 ∈ {0, 1, . . . , 30} and m2 ∈ {0, 1} let us
rst notie that W (0, 0) = 1 and W (0, 1) is indeed the funtion found in equation
(13). For m1 ∈ {1, . . . , 30} and m2 ∈ {0, 1} dene the funtions wm2(m1) as follows
W (m1, m2) = wm2(m1)W (m1 − 1, m2).
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Equations (11), (14)-(16) and (18)-(21) imply that for suh range of m1 and m2 we
have
gm(n) = wm2(m1),
where
m2 = 1−m mod 2, m1 = 29− n mod 31.
Finally, under identiation wm2(0) = W (0, m2) we obtain
W (m1, m2) =
m1∏
i=0
wm2(i),
whih, together with fatorization (17), gives the wave funtion ψ for all values of
(n1, n2, n3) ∈ Z
3
.
Remark. For (m1, m2) = (29, 1) we have X1 = X2 = ∞. Beause the innity point
∞ is the Weierstrass point of order two, there exist funtions with divisor of poles
equal to 2∞. This means that ψ is not uniqely determined in this ase. However it
is natural to keep the divisor of ψ, and therefore ψ itself, exatly like it is given from
the ow on Jaobian. Notie that beause for X1 = X2 = ∞ we stay in the divisor
Wg−1 then this ambiguity does not aet onstrution of the τ -funtion.
The oeients ζ0
(k)(n1, n2, n3), k = 1, 2, 3, of expansion of the wave funtion an
be obtained from fatorization (17) and are given by
ζ
(1)
0 (n1, n2, n3) = 6
n3+p4q
(
W (m1, m2)
tm11
)∣∣∣
t1=0
,(22)
ζ
(2)
0 (n1, n2, n3) = 6
n25n3+q4p W (m1, m2)|t2=0,(23)
ζ
(3)
0 (n1, n2, n3) = 5
n2+n33p6q W (m1, m2)|t3=0.(24)
Using denition of the τ funtion for nonzero ρi, i.e. equation (4), and putting τ = 0
for points of the divisor Wg−1 we obtain the orresponding F7-valued solution of the
disrete KP equation (6). This τ -funtion is presented in Figure 1. Notie that due
to quasi-periodiity of the τ -funtion, we have to alulate the solution in this way
only for a nite range of values of the variables.
The periods Πi, i = 1, 2, 3, of zeros of the τ -funtion are, respetively, 31, 62 and
62. Equivalently, the "period vetors" of zeros an be hoosen as
v1 =

 −4−1
1

 v2 =

 112
0

 v3 =

 26
0

 .
Beause c(1)1 = 6, c(2)1 = 3 and c(3)1 = 5 then periods of the funtions ρi, i = 1, 2, 3,
in that variable are, respetively, 2 · 31, 3 · 31 · 2 and 6 · 31. Moreover, we have
τ(31, 0, 0) = 3 whih gives τ(62, 0, 0) = 5 = 32 · 631 mod 7, and therefore the period
of τ in n1 is 6 · 2 · 31.
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 0,  1,  2,  3,  4,  5,  6.
Figure 1. F7-valued solutions of disrete KP equation out of genus
two hiperellipti urve C. Variables n1 (direted to the right) and n2
(direted up) take values from 0 to 34. Subsequent gures are for values
of n3 = −1, 0, 1, 2.
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